The problem without initial conditions or, in other words, the Fourier problem for anisotropic elliptic-parabolic equations with variable exponents of nonlinearity in time unbounded domains is considered in this paper. The existence and uniqueness solutions of the problem are proved with no conditions on the behavior of solutions and growth of input data at infinity. The estimates of these solutions are received. In addition, some properties of the weak solutions of the Fourier problem are considered. The conditions for existence of periodic solutions of the considered equations are set. Also the conditions for existence of Bohr almost periodic solutions and Stepanov almost periodic solutions of some equations are obtained.
Introduction
The problem without initial conditions or, in other words, the Fourier problem for evolution equations describes processes that started a long time ago and initial conditions do not affect on them in the actual time moment. Then the equations are considered for time variable beginning from −∞. The Fourier problem for evolution equations has been widely used to study the models appearing in many fields of science such as economics, computer science, physics, ecology, cybernetics, etc. So these problems are examined in many papers; see, e.g., [1] - [11] . A lot of information about results concerning problems without initial conditions can be found in [10] . Note that the Fourier problem for linear and a plenty of nonlinear evolution equations are well-posed only if there are some restrictions on behavior of solutions and growth of input data as the time variable converges to −∞ [1] - [7] , [10] . But there are nonlinear parabolic equations for which the Fourier problem is uniquely solvable with no conditions at infinity [8] - [9] , [11] , [12] .
Here we consider the higher-order anisotropic elliptic-parabolic equations with variable exponents of nonlinearity. These equations are defined on unbounded cylindrical domains which are the Cartesian products of bounded space domains and the whole time axis. For these equations we find the weak solutions, which defined for all values of the time axis (global solutions) and satisfied the boundary conditions. Since exponents of nonlinearity is variable then the weak solution of considered problems belong to the generalized Lebesgue and Sobolev spaces. More information on these spaces and its applications can be found in [13] - [18] . It is proved existence and uniqueness of weak solutions of considered problems with no conditions on their behavior and growth of coefficients and right sides of equations at infinity in this paper. Also the estimates of these solutions are received.
Note that from lack of initial conditions, there is a possibility to consider the conditions for the existence of periodic and almost periodic solutions. The theory of almost periodic functions was mainly treated and created by Bohr during [1924] [1925] [1926] . For details about Bohr almost periodic functions, see [19] . Stepanov generalized the class of almost periodic functions in the sense of Bohr without using the hypothesis of continuity. More information on these functions can be found in [20] - [22] .
In this paper we set the conditions for the existence of periodic solutions, Bohr almost periodic solutions and Stepanov almost periodic solutions. Similar results are in [12] , but for the second order equation. This paper consists of four parts: the first part is the introduction, in the second we say the formulation of the problem and main results, the third part encloses the auxiliary statements while the proofs of main results are in the fourth part.
Formulation of the problem and main results
Let n be a natural number and R n be the linear space consisting of ordered collections of real numbers x = (x 1 , . . . , x n ) with norm |x| := (|x 1 | 2 + . . . + x n | 2 ) 1/2 . Let M be a subset of the set {0, 1, . . . , m} such that {0, m} ⊂ M, where m is some natural number. Denote by N the number of n-dimensional multi-indexes α = (α 1 , . . . , α n ) (for each i ∈ {1, ..., n}, α i is a nonnegative integer), the length |α| = α 1 + . . . + α n of which is an element of the set M, and by R N denote the linear space of ordered collections of N real numbers ξ = (ξ 0 , . . . , ξ α , . . .) ≡ (ξ α : |α| ∈ M), components are numbered n-dimensional multi-indexes of α, whose length |α| belongs to the set M, and ordered lexicographically (this mean, that α = (α 1 , . . . , α n ) precedes β = (β 1 , . . . , β n ), when either |α| < |β |, or |α| = |β | and α k < β k , where
Let Ω be a bounded domain in R n with piecewise smooth boundary Γ := ∂ Ω . We denote by ν = (ν 1 , ..., ν n ) the unit normal vector to pointing outward Γ . Set Q := Ω × R, Σ := Γ × R and Q t 1 ,t 2 := Ω × (t 1 ,t 2 ) for arbitrary real numbers t 1 and t 2 such that t 1 < t 2 .
Consider the problem of finding a function u : Q → R satisfying (in some sense) the equation
and the boundary conditions
where
We should consider a weak solution of the problem (1), (2) . For this, first define some functional spaces and classes of input data of the given problem.
Let r ∈ L ∞ (Ω ) such that r(x) ≥ 1 for almost each x ∈ Ω . Suppose that either G = Ω or G = Ω × S, where S is an interval in R. Denote by L r(·) (G) the generalized Lebesgue space consisting of the measurable functions v :
it is a Banach space [11] . If ess inf Let G = Ω × S, where S is an unbounded open interval of R or S = R. We denote by L r(·),loc (G) the space of measurable functions g : G → R such that the restriction of g on Q t 1 ,t 2 belongs to L r(·) (Q t 1 ,t 2 ) for each t 1 ,t 2 ∈ S. It is complete locally convex linear space with respect to the family of seminorms · L r(·) (Q t 1 ,t 2 ) t 1 ,t 2 ∈ S . Therefore, a sequence {g m } is convergent strongly (resp., weakly) in L r(·),loc (G) provided the sequences of restrictions {g m | Q t 1 ,t 2 } are convergent strongly (resp., weakly) in L r(·) (Q t 1 ,t 2 ) for all t 1 ,t 2 ∈ S. Similarly we can define the space L ∞,loc (G).
Assume that:
-ordered collection of measurable functions on Ω , which satisfy the following condition
We also denote by
This space is a Banach space with the norm
is the linear space of infinity differential functions defined on Ω with compact support). To simplify the presentation of the material we denote 
sequence {h m } is convergent strongly (weakly) in
The following assumption will be needed throughout the paper: 
the completion of V p with respect to the seminorm · H b (Ω ) (see [7] ).
Let B be a linear space with a norm or a seminorm · B , S be a real interval. 
The space U b p,loc is a complete local convex linear space with respect to the family of seminorms
A sequence {g m } is convergent in U 
Now let us denote by
A p the set of ordered collections of really valued functions (a α : |α| ∈ M), which are defined on Q × R N and satisfy the next three conditions:
is a Caratheodory (for almost all (x,t) ∈ Q the function a α (x,t, · ) : R N → R is a continuous, and for all ξ ∈ R N function a α (·, · , ξ ) : Q → R is Lebesgue measurable), and a α (x,t, 0) = 0 for almost all (x,t) ∈ Q;
(A 2 ) for each α (|α| ∈ M), for almost all (x,t) ∈ Q and for all ξ ∈ R N we have
(A 3 ) for almost all (x,t) ∈ Q and for arbitrary ξ , η ∈ R N the inequality
holds; here K 1 is a positive constant dependent on (a α : |α| ∈ M).
Also consider a subset A * p of set A p , consisting of collections of functions
where, for all α, |α| ∈ M, a α ∈ L ∞,loc (Q) and
where K 2 is a positive constant, which may be dependent on ( a α : |α| ∈ M).
The inclusion A * p ⊂ A p can be easily proved using the inequality
where q ≥ 2, s 1 , s 2 ∈ R are arbitrary.
Note that, if (a α : |α| ∈ M) belongs A * p , then equation (1) has the form
A partial case of the equation (4) (and, hence, the equation (1)) is the equation
Let F p ′ ,loc be the set consisting of ordered collections ( f α : |α| ∈ M) of real valued functions defined on Q, and for each α (|α| ∈ M) the function f α belongs to the space L p α ′ (·),loc (Q).
Definition 1.Suppose that functions b, p satisfy the conditions (B), (P), respectively, and (a
α : |α| ∈ M) ∈ A p , ( f α : |α| ∈ M) ∈ F p ′ ,loc . A
function u is called a weak solution of (1), (2), provided u ∈ U b p,loc and the following integral identity holds
The main results of our work are the next statements.
Theorem 1.Suppose that b, p satisfy the conditions (B), (P), respectively, and (a
Then there exists a unique weak solution of (1), (2) , and the estimate
holds for all R, R 0 ,t 0 such that R 0 > 0, R ≥ max{1, 2R 0 }, t 0 ∈ R. Here C > 0 is a constant which depends only on K 1 , p
Hereafter mes n Ω is the Lebesgue measure of Ω .
Corollary 1.
Under the assumptions of Theorem 1 , if f α ∈ L p ′ α (·) (Q) for each α, |α| ∈ M, then a weak solution of (1), (2) satisfies the estimate
Corollary 2. Under the assumptions of Theorem 1, if
for some positive constant C 1 , then a weak solution u of (1), (2) satisfies the estimates
where C 2 > 0 is some positive constant being dependent on K 1 , p − α (|α| ∈ M) and C 1 .
Corollary 3.
Under the assumptions of Theorem 1, if
then for a weak solution u of problem (1), (2) the following equalities hold (1), (2) is also σ -periodic in time.
A set X ⊂ R is called relatively dense, if there exists a positive l such that for all a ∈ R interval [a, a + l] contains at least one element of the set X, i.e., X ∩ [a, a + l] = ∅ ∀a ∈ R.
Let B be a linear space with a norm or a seminorm
is relatively dense for each positive ε (|α| ∈ M).
We say that w is Stepanov almost periodic as element
is relatively dense. We refer to [4] , [19] - [12] for the detailed information on the theory of almost periodic functions. 
is Stepanov almost periodic. Moreover, the set
Then the (unique) weak solution of (4), (2) 
Auxiliary statements
The following statement is similarly to Lemma 1 in [24] , and can be proved so as this lemma.
Lemma 1.Suppose that b, p satisfy the conditions (B), (P), respectively. Given t
; H b (Ω ) and the following equality
Lemma 2.Suppose that b, p satisfy the conditions (B), (P), respectively, (a α : |α| ∈ M) ∈ A p . Given t 1 ,t 2 ∈ R such that t 2 − t 1 ≥ 1, and for all l ∈ {1, 2}, we suppose that functions
for all v ∈ V p and ϕ ∈ C 1 c (t 1 ,t 2 ).
Then for each R, R
holds (the constant C in this lemma is the same as in Theorem 1).
Proof. Let R, R 0 , t 0 be such as in the formulation of the lemma, and η(t) := t − t 0 + R, t ∈ R (see also [26] ). Given v ∈ V p and ϕ ∈ C 1 c (t 1 ,t 2 ) we subtract the equality (11) when l = 1 and the same equality when l = 2. Then, for (x,t) ∈ Ω × (t 1 ,t 2 ) putting
we obtain an equality
From this equality using Lemma 1 with
We make the corresponding estimates of the integrals of equality (14) . From condition (A 3 ) we get
Further we need the following inequality:
which is a corollary of the standard Young's inequality: a c ≤ |a| q /q + |c| q ′ /q ′ .
where ε 1 ∈ (0, 1) is an arbitrary number.
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We fix arbitrary numbers R 0 > 0 and t 0 ∈ R and take the limit as R → +∞ in (22) . We receive that u 1 = u 2 almost everywhere on Q t 0 −R 0 ,t 0 . Since R 0 ,t 0 are arbitrary numbers, we obtain u 1 = u 2 almost everywhere on Q. The obtained contradiction proves our statement.
Now we are turning to the proof of the existence of a weak solution of problem (1), (2) . For each m ∈ N we consider an initial-boundary value problem for equation (1) 
where f α,m (x,t) := f α (x,t), if (x,t) ∈ Q m , and f α,m (x,t) := 0, if (x,t) ∈ Q \ Q m . The existence and uniqueness of the function u m is proved in [27] (see also [7] and [24] ). We extend u m on Q by zero and this extension is denoted by u m again. Further we prove that the sequence {u m } converges in U b p,loc to a weak solution of problem (1), (2) . Indeed, note that for each m ∈ N the function u m is a weak solution of the problem which differs from problem (1), (2) by f α,m instead of f α for all α, |α| ∈ M. Using Lemma 2 for each natural numbers m and k we have
where t 0 , R 0 , R are arbitrary numbers such that t 0 ∈ R, R 0 ≥ 0, R ≥ max{1, 2R 0 }.
We show that for fixed t 0 and R 0 the left side of inequality (24) converges to zero when m, k → +∞. Let ε > 0 be an arbitrary small number. Choose R so big that CR
This is possible as p + 0 − 2 > 0. By (25) for arbitrary m, k ∈ N such that max{−m, −k} ≤ t 0 − R, we have f α,m = f α,k (|α| ∈ M) almost everywhere on Ω × (t 0 − R,t 0 ) and the right side of inequality (24) is less than ε. This implies that the restriction of the terms of the sequence {u m } on Q t 0 −R 0 ,t 0 is a Cauchy sequence in 
holds; here C 6 > 0 is some constant independent of τ, σ and l.
Let ε > 0 be an arbitrary small fixed number. We claim that the set
contains a set F δ for some δ ∈ (0, δ * ]. Indeed, choose and fix big enough l ∈ N (l ≥ 2) satisfying the following inequality
Then take δ ∈ (0, δ * ] such that the following inequality remains true
Therefore, if σ ∈ F δ , then the right side of the inequality (32) is less than or equal to ε. From this, we have that F δ ⊂ U ε and the set U ε is relative density. The fact we had to prove.
